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Abstract

In this study, the extended trial equation method based on the general form of nonlinear elliptic ordinary
differential equation is employed to solve the nonlinear generalized sine-Gordon equations. By the using
of this method, we achieve unlike new types of exact wave solutions such as Elliptic-F, Elliptic-E and
Elliptic-IT functions that are known as elliptic integrals.
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1 Introduction

Recently, the study of nonlinear evolution equations with respect to the mathematical modeling
of various physical phenomena has become very important in some physical and engineering
applications such as water waves [1], plasma physics [2], nonlinear optics [3], and so on.
Various methods [4-16] have been applied to construct the optical soliton solutions to nonlinear
differential equations. Examples of some methods that have been used so far are the inverse
scattering method, similarity transformation, generalized Jacob elliptic function expansion
method, exp-function method, extended F-expansion method, different versions of (G'/G)-
expansion method, Kudryashov’s method, ansatz method, and the others. Bright optical soliton,
dark optical soliton, compactons, singular solitons, doubly-periodic solutions, and other optical
solutions have been discovered by use of the above-mentioned methods [4-16]. The optical
soliton solutions are very significant and seem in assorted areas of physics, engineering, and
applied sciences. Optical solitons are a type of nonlinear wave that provides long-range, high-
capacity, and lossless transmission. Therefore, when examined from a physical perspective,
they are a special type of soliton, waves that propagate without distortion throughout the
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propagation dimension. Therefore, it is important to investigate optical soliton solutions of
nonlinear evolution equations.

In the recent past, Liu defined the trial equation method in that the elliptic differential
equations and the complete discrimination system for polynomials are used [17]. Then, a new
version of the trial equation method for the nonlinear problems with rank inhomogeneous is
introduced by Liu [18]. A new trial equation method, which is more general than the previous
trial equation methods, is proposed in Ref. [19]. Also, Du developed an irrational trial equation
method and hence applied this interesting approach to some nonlinear physical problems
[20]. A dissimilar trial equation method according to the symmetric features of the differential
equation is offered to attain optical soliton solutions to nonlinear differential equations [21].
Apart from these, Pandir et al. constructed the extended trial equation method and tested this
powerful method in [22]. The extended trial equation method has many advantages over other
trial equation methods. With this method, it is possible to find the rational function solution,
the optical singular soliton solution, and the Jacobi elliptic function solutions at the same time.
On the other hand, the utility of these methods is illustrated by some applications [23-29].

Our goal in this paper is to investigate the extended trial equation method for the optical
soliton solutions to the sine-Gordon equation [30-33]

Uyt = sin(nu), (1)

where the spatial coordinate x and the temporal coordinate t are the independent variables, u is
the dependent variable. Using the transformation

u(x,t):u<ax+;,ax—;>, a>0, )

we can reduce Eq. (1) to the alternative form
Ut — Uy + sin(nu) = 0. 3)

The sine-Gordon equation is one of the most important equations in many scientific fields such
as the propagation of fluxons in Josephson junctions among two superconductors, the motion of
grid pendula attached to a stretched wire, solid state physics, nonlinear optics, and dislocations
in metals. In the literature, there have been several species of solutions, including the one-
soliton solution, two-soliton solutions, soliton-antisoliton collision, and the breather solution
for sine-Gordon equation [33-35]. In this paper, we give the classification of the traveling wave
solutions to Eq. (3) for n = 1 and n = 2, respectively. Thus, we attain some new optical soliton
solutions such as singular optical solutions, elliptic integral functions F, E, I'l, and Jacobi elliptic
function solutions.

2 The extended trial equation method

Step 1. We consider a general form of nonlinear differential equation

P(u,us, ty, Uyy,...) =0. 4)

Xj— ct)

N(u,u',u",...) =0. (5)

Under a general form of the wave transformation

u(xlleI'“/xN/t) = M(]’]), 7’] = /\ (

e

,where A # 0 and c # 0, Eq. (4) becomes
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Step 2. From Ref. [6], the general solutions of Eq. (5) are given as

s
u=Yy 750, (6)
i=0
where © 0 —
ne _ _PO) GO +---+310+ o
OV =M =) “ ot v nor 7
From Egs. (6) and (7), we find the following relations
) PO (&, ’
(1 = gig) (izozu@ 1) , ®
w' = PO HONIO) (v iroi ) + §G (Tloili 1m0 2), ©)

where (@) and ¥(0®) are polynomials. Substituting Egs. (8) and (9) into Eq. (5), we obtain an
algebraic equation of polynomial Q(©) of © :

Q@) =@ +---+ 010+ 00 = 0. (10)

A balancing process is applied between the term with the highest order derivative and the
term with the highest nonlinearity in Eq. (5). In accordance with the balance principle, we
can examine a mathematical relation for 0, €, and J, and then identify some values of these
variables.

Step 3. If the coefficients of ()(®) is equal to zero, we build a system of algebraic equations

0 =0, i=0,...,s. (11)

The values of ¢o,...,Cp, Co,...,Cc and Ty, ..., T; can be identified by solving this system alge-
braically.
Step 4. Eq. (7) can be converted to the following equation by integrating it once:

/ *0) 4o, (12)

+(17 = 110) 5(0)

Utilization the roots of ®(®), we resolve Eq. (12) by aid of Mathematica software program and
categorize the exact approximate solutions to Eq. (4), respectively.

3 Applications to the extended trial equation method

In this section we consider the generalized sine-Gordon equation. In order to apply extended
trial equation method, we put forth the transformations

v =e" (13)
and therefore 21 21
sinu = i cosu = PR (14)
and also gives -
U = arccos [ e } . (15)
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Applying this transformation to the generalized sine-Gordon equation, then we have a form
2004 — 200,y — 207 + 202 + "2 — T2 =, (16)

In order to demonstrate for traveling wave solutions of Eq. (16), we take the transformation
v(x,t) = V(n), 1 = x — ct, where c as the wave speed. Therefore it can be converted to the
ODE

2> = 1)VV" —2(2 = 1)(V')2 + V"2 —y—t2 — , (17)

where prime denotes the derivative with respect to 7. To identify the parameter n we usually
balance the linear terms of the highest order in Eq. (17) with the highest order nonlinear terms.
i) If we take n = 1, then Eq. (3) becomes

Uy — Uyy +sinu = 0. (18)
When we take n = 1, then Eq. (17) becomes as follows
20— 1D)VV" 421 = A) (V)2 + V2 -V =0, (19)

where prime demonstrates the derivative in accordance with 7. Balancing process is applied
between the highest order derivative term VV” and the term with the highest nonlinearity V>
in Eq. (19). Substituting Egs. (6) and (7) into Eq. (19) and using balance principle gives

0d=€e+5+2.

After this solution method, we acheive the results as follows:
Case 1
If we receivee = 0,6 =1 and 6 = 3, then

(/)2 = (T1)2(§3®3+§2@2+§1@+§0)/ (20)
Co
,U// — Tl (3€3®2 + 2§2® + gl) , (21)
200
where §3 # 0, (o # 0. Serially, solving the algebraic equation system (11) gives
oD (G172 — &(12 — 1)) E L — GBE—1)+&t
0 2T13 761 1,62 2TOT1 ’
3=0 W=7 T=7, fo=%fc== (;‘3—&:3@0T1. (22)

Substituting these consequences into Egs. (6) and (12), we get

/ de
+(1 —10) / ) (23)
\/®3 (Clim) Rl @+ 420+ ° o(&r—ta( 1)

T 2mm 2837}

Integrating Eq. (23), we acquire the solutions to the Eq. (18) as follows:

2A

+(n —1no) = BVCET (24)
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. 2A ®— [15)
+(n—1no) = \/ﬁ arctan P ny > i, (25)
A \/®—062—\/061—0€2
+(n — = In , 01 > ao, 26
(17 ;70) \/m \/@ —a, \/DC] —n 1 2 ( )
L —10) = —22 F(p D), a>m>a @)
7] 170 - m ¢I 7 1 2 3/
where
4
A=\ Fen= [T 28)
Gs 0 /1 12siny
and
(p:arcsin,/@_%, p=27% (29)
Ky — K3 K1 — K3
Also a1, ap, and a3 are the roots of the polynomial equation
0+ 2024 Slot S g, 30
&3 G3 G3 (30)
Substituting the solutions (24)-(27) into (6) and (15), we obtain
_ 5 -
T+T0+ 1 442 +1
| ( ()
u(x,t) = arccos | = - , (31)
2 T+ Tk + T A
(s Birion)
2
(g + 71 (a2 — a1) tanh? <7V“1A_”‘217>) +1
u(x,t) = arccos — , (32)
2 (¢ + 71w — ay) tank? (o2t )
r 2
(g + 71 (a1 — &z)cosech? <7V“f"211>> +1
u(x,t) = arccos , (33)
2 (g + 71 (a1 — az)cosech? <7V“14_“217>)
r 2
1 (Q + 11 (ap — a3)sn? (iiﬂmiy,lz)) +1
u(x,t) = arccos | = (34)

2 0+ 1 (ap — az)sn? (:lzi“xlA_“Sn, 12>

Xp—ua3

where n= <x + \/%t — ,7()), C=Tyo+ T11, 0 = Tp + T143 and I? = 0w

Remark 1. The optical soliton solutions (31)-(34) acquired by use of the extended trial equa-
tion method for Eq. (18) have been checked up on Mathematica software program. According
to our determination, the rational function solution, the optical singular soliton solution and
the Jacobi elliptic function solutions, that we obtain in this paper, are not demonstrated in the

previous literature. These results are new optical solutions of Eq. (18).

Case 2
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- 3500 0 00

Figure 1: Optical solution of Eq.(3.19) is demonstrated at 7H = %, =1 o = %, to=1, no=0,
¢3 = 2 with imajinary and real parts respectively.

,I5: [
/Al 1
[f \P

- 1m0 -50 S0 100

Figure 2: The graphs indicate the approximate solution of Eq. (3.19) for t = 1.

Figure 3: Optical solution of Eq.(3.20) is demonstrated at 1) = %, =1 wa=3 a=1 (=1,

7o =0, {3 = 2 and second graph indicates the approximate solution for ¢ = 1.

NI—

Figure 4: Optical solution of Eq.(3.21) is demonstrated at 1) = %, T = %, =1, ap=
7o =0, {3 = 2 and second graph indicates the approximate solution for ¢ = 1.

T——— o W w s
= P ———— =
T T T T

Figure 5: Optical solution of Eq.(3.22) is demonstrated at 1) = %, =1 o=
1o =0, {3 = 2 and second graph indicates the approximate solution for t = 1.
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If wegete =0, =2 and 6 = 4, then

T +210)?(E,0% + &03 + HO% + 50 + &)

7 (35)

(01)2 — (

7 (11+2110) (48410 +3830%+25,0+¢1)

v = s + 21 (540* 4330 +8,0% 48, 0+8))

Go
where ¢4 # 0, (o # 0. Respectively, solving the algebraic equation system (11) yields as follows:

851712 + G5 (1675 — 577) G0 (6311 —282m0)
3201 2o 272

, (36)

Go = , G2 =102, G3 =203,

Cst 5 263 — o
Th=—,T1=T, O =T, C= 1,/ —"—.
, Co = Co, T I, DT RsT 2,

Gy = (37)

Substituting these consequences into Egs. (6) and (12), we acquire
2007 L)
+(17 = 10) 5301'21 f \/ 3 2 o4\ (38)

4 2T o3 20T o2 (3T Zé‘zfz) 807 T2*’53(1“2 *5T1)
O, O, © BT © 166375

Integrating Eq. (38), we get the solutions to the Eq. (18) as follows:

A
+(1 —10) — (39)

— X
£ —1m0) = - \/ — aj, a > g, (40)
(7 — 1) ‘ :2 (41)
) = 24 VACE )—V/(0- 0
ZI:(T] 770) \/(Bq —042)(“1—043) In \/ \/ , K1 > &p > A3, ( )
:l: - = / 7 7 43
(11 —1o) N lxg)((xz — F(p,1), a1> 0> as > ay (43)

where
_ /20T _ —u) (p—ay) 2 (wp—a3)(ag—ay)

A= G3Tr ’ ¢ = arcsin \/ O—ay) le—zx4) == (v1—ag)(ap—ay) " (44)

Also a1, ap, a3 and ay are the roots of the polynomial equation

4 ‘:3 3 62 2 61 (?0_
et + §4® +§4® €4®+€4 0. (45)

Replacing the optical solutions (39)-(43) into (6) and (15), we get

2\ 2
A A
. ( Xt /é‘sTgoTl,,,m it /%Té;oflt,,lo

u(x,t) = arccos | 5 2 ,
T0+T1061i—T1A +1 (ocli"‘ )

[283—00Ty 2634071
xt thqo x+ Ttﬂyo

(46)
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Figure 6: Optical solution of Eq.(3.44) is demonstrated at 1) = 7,

n=1 o

7o =0, {3 =2 and second graph indicates the approximate solution for ¢ = 1

<T0+T11X1+

A2(ay—ap)7y

+10 (Dq-‘r
4A2— ((le —0(2)7])2

A (0(270(1 )

N
42
7 e 1) 1
44 )2>)+

2—((ay—ag)n

:1,

7

u(x,t) = arccos |3

(Tg +Tar+
1 exp(

(uc2—¢xl)'rl

+1 | a1+
A2 ((“1*“2”7)2 2( '

To+T01+

(ap—aq)1q

xy—ay 17) - +1 (“2‘*’

Az(Déz—lX

2
4 ) )
4A2 2)11)2

7((06170(

(ap—ap)

2\ 2 ]
— o) ) ) 4
exp A )—1

(“1 “2,7

u(x,t) = arccos |5

1

u(x,t) = arccos | 5

N|—=

u(x,t) = arccos

1o-

u(x,t) = arccos

where

A
(ap—a1)Ty

xp(%v)fl

To+Ta+
e

To+Tia1+ —a
( exp( 12,

)1 ("4

(ap—w

(“1 “2

2
—4)
exp L;’Q 77)71

+T [ ar+
(5

) )) .

(a1 —ap)
To+Ta1+ 031752
exp(

A

+ _ ng
TTTk B+(ag—ap) cosh(Cr)

A+ m+—
U)*1

_ (wm—ap)
"‘1

72 (“1 B+(ag—ay) cosh(Cry) zx2 ) cosh(Cry)

)

7

"‘2

2

2
+1

)
)

ng
To+Ta1— B+(a3—ay) cosh(Cr) +n

DTl

(To +Taz+ Esn2(p2) 10y )

+T (0(2+

DTl
Esn? ((p,lz)

2
(‘Xl B+(ag— rxz B+(az—ay) cosh(Cry) )

2\ 2
+D¢470¢2) ) +1

D'['l
Esn2 ((p,lz)+1x4 —ap

N[—=

To+Tia+

D=

and

V(1 —a3) (ar—ay)

q):

2A

+T (062+

Esnz((p,

DTl

;

12)+a4—1x2

(g —ag)(a —ag), E =01 — g,

(a2

7

7

7

(47)

(48)

(49)

(50)

where A = 2(nq — a2) (a1 — a3), B =201 — ap — a3, C = (21— az (21— a3,77—xj:./2§3 GoTiy

(51)

—a3) (o —ay)

(a1 —az) (a2 —ay)

For plain display, if we get 770 = 0, then we can rewrite the optical soliton solutions (46)-(51)

as follows:
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(Ti (“1 + vat)i>% +1

i=0 T (0‘1 + vat)l

N 2
, 4A2(“1*“2) !
(Tl (“1 i 4A2—[<a1—az)<x—vtn2> > !

, (52)

12
(x,t) = arccos Ez‘;) 3 (a P )i , (53)
P 4w (o)
2
22—
12 <Ti(0‘2+exp[33x11)t]1 > +1
u(x,t) = arccos 5 ) , (54)
i=0 (“2 + exp Bl;ézx [X:]t 1)
2
N —u
1 2 (Ti<“1+exp[83x12)t]1 > +1
(x,t) = arccos 5 ) , (55)
i=0 (0&1 + exp|[ Bl;qx “ZZJt 1)
i N
12 <Ti (“1 - B+(a3—¢x2)cosh[C(x—vt)]> > +1
u(x,t) = arccos 5 ) . i ’ (56)
& A
i=0 T (0‘1 - B+(a3—a2)cosh[C(x—Ut)])
D )
12 <Ti<0‘2+awz+lfsnz(<p,l)>> +1
u(x,t) = arccos 5 . / (57)

i
i=0 : Db
T (Déz + a4fvc2+an2((p,l))

where

By = (502 = VI (x—ot), 12 = (ot o = Rl

Expressed here, A is the amplitude of the soliton, while v is the velocity and B and C are the
inverse width of the solitons.

Remark 2. The optical soliton solutions (52)-(57) obtained by use of the suggested method
for Eq. (18) have been checked by Mathematica package program. According to our findings,
the rational function solution, the optical singular soliton, bright optical soliton, dark optical
soliton, and the Jacobi elliptic function solutions, that we find in this article, are not indicated in
the previous literature. These obtained results are new optical soliton solutions of Eq. (18).

Case 3: If wetakee = 0,5 = 3 and 6 = 5, then

(U/)z _ (m200+310%)%(E0°+£404+50°+5,0%+50+E))
pr— 50 V4

(58)

o' — 2(21+6130) (E50°+ 8,04 +530°+ 8,07 +8:10+80) + (T1+2rz®+3r3®2)(56564+4é4®3+3és®2+2§z®+61) (59)
200
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where {5 # 0, (o # 0. Respectively, solving the algebraic equation system (11) yields as follows:

: 8577 (17 — 2713) 85Ty (51F — 5473) &5 (1073 —2713)
0T o T 81+ v 73
o 06T o S5 oo VBT
3 = 9T32, 4 — 3T3’ 5 — 65, 60 — 60, L0 — 27T32 ’
2
D 1 /98— Cots
NM==", Hh=T, TB=T,C==L—y —FT—. 60
1= 3 2=T, T =T3 3 & (60)
Substituting these consequences into Egs. (6) and (12), we obtain
do
ﬂ”"’o):\/gﬁ/ 5. et bed . 22y ot B (61)
VO + 2ot +hed+ Ee2+ Lo+
Integrating Eq. (61), we get the solutions to the Eq. (18) as follows:
2A
+(n — =, 62
(7 =10) = =3 e (62)
_ - L @—062 _ 3A\/@—£K2
j:(;y 170) = (wl_az)garctanh [@ / al_m] CESICEDL N1 > Nnp, (63)

2A © —a 6A
+(7 — o) = ————— arctan |4 - , 64
U7 =m0) (a1 — ap)? e [ ay — ﬂz] VO —ay (g — a2) 9

(17 7o ) A arctanh [, / 2_‘1’2] (\/D(Zl_oc3 o \/“11_“3> , K1 > Ky > A3, (65)
(7= 10) = —5= wf@)(al o [V@ =)@ —w) +i(Elg,) - Flg,1)|,  (66)

where

A= %/ E(qoll) = fOCP \/mdlp, Q= — arcsin 2:‘;11, 12 — zi:g;,

(1 —1m0) = J=t(e—ay (Flo.) = (@, m,1)), a1 > 02 > 03 > g,

dyp _ . N3 —u 2 ap—n _ ar—a
m(g,n 1) fO (14+nsin® y)y/1-12sin’ ¢ = —aresm @;—ﬂzz’ = lx;—rxg’ n= w;—tx;'
Also a1, a2, a3, a4 and a5 are the roots of the polynomial equation
o5 4 §4®4 §3®3 (§2®2 S 4 6o S0 _ o, )
Gs Gs Gs G5 Cs
ii) If we get n = 2, then Eq. (1) becomes
U — Uyy +sin(2u) = 0. (68)

In this section, we take into account the generalized sine-Gordon equation. Using the transfor-
mation (15) and therefore Eq. (4) carry into a ODE form

2(2 = 1)VV" 421 = A (V') +Vi-1=0. (69)
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Substituting Egs. (8) and (9) into Eq. (69) and using balance principle gives
0=e+20+2.
According to this solution method, we attain the optical soliton solutions as follows:
Case 1
If wetakee = 0,6 = 1and 6 = 4, then
2 4 3 2
(0')2 = (1 (640" + 50+ 50° + 60 + o) 70)
Co
o — T1(4640° 435,02 + 25,0 + &) 1)
200 ’
where ¢4 # 0, o # 0. Respectively, solving the equation system (13) gives
— 5847y + e TE 2 (EatoT? — AluT 4247
(:0:(54 (3404 ‘5201,51: (52013 8aT5) = B = 540
T T
284 — {oT?
Ca=C8, =T, 1=T,0 =G, c==% 642@1 (72)
Ca
Substituting these consequences into Egs. (9) and (14), we attain
/ do
;7 170 gz f 4 3(-tar0+0am) o, 4R (-Sea0HaET) 7
4T03T020TT 7726370 72T
Integrating Eq. (73), we get the solutions to the Eq. (68) as follows:
—A
+(n—no) = , 74
(1 =1m) = 5= ” (74)
2A O — 1%
+(n — — 75
(n —10) o n\en 2w (75)
A O — 5]
— = | 7
(1 —10) Mo n M7 (76)
+(n —1ng) = A4 In V(O )(m 1)~/ (0 1) (1) , a0y > ap > s, 77
(;7 170) \/(&1—0(2)(061—043) \/(@ —Dl3)+\/(®—063)(0é1—0¢2) 1 2 3 ( )
2A
+(n—no) = F(o,1), a1 >ay> a3 > ay, (78)
V(1 — az) (a2 — )
where
Zo (@ —w)(a —as) o (ar —a3) (@ — ay)
A=/, = arcsin , I©°= .
o’ (@ —az) (a1 — ag) (1 — a3) (a2 — o)
Additionally a1, a5, a3 and a4 are the roots of the polynomial equation
o'+ 207+ 20% + Lo+ 2 o, (79)

Ga G4 G4 G4
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Substituting the solutions (74)-(78) into (9) and (17), we get

u(x,t) = arccos

u(x,t) = arccos

u(x, t) = arccos

u(x,t) = arccos

u(x,t) = arccos

T+ T £

[ =

TlA

28472
x+y/ 42#411‘7170

+1

2 T+ T £

T]A

284072
x| =g, Lt

2
442 (ap—a1)7y
To+T1&1+ 2 2 |
442 (rxl“z)("i@tno)}
1
1 2 (n
2 To+Tix1+ Rt 2 2
4A2 (a1a2)<xi 2642*510% t’lo)}
2
(ap—a1)7my
To+T1 | !
0t Tiap+ - 28472 "
1 exp | 2 | b\ =g, o | |1
2 T0 +T1 1 %) + (lxz 7;1 )jl 2
exp {“114“2 (x:t\/ §42(§i0T1 t"?O)} -1
-
(a1—ap)7y
T+T1 ] !
0+ T4+ ay—ty 284 -Go7f "
1 e v e e (U
2 ptna+t (al_z?)_ﬁg 2
exP|:“1A“2 (x:t\/ 42[:40 1 t‘VO)} -1
2( )( ) ’
_ Q1 —02) (4 —43)T
1 (TO + T 2a1a2a3+(“3"‘2)C05h<%7)> !
2 To + Ty — 2(m—a2) (a1 —a3)T1 '

201 —ap—az3+(az—az) cosh(%ry)

where M = /(a1 — ) (a1 —a3), 17 = <xj:\/2542£ﬂ12t—170>.

u(x,t) = arccos

(1 —a2)(ag—a2)T1

(To + oo + (

2
a1 —ag)sn?(@,12)+as—ay ) +1

1
2

(1—ap)(ag—a2)Ty

To + Tqap + (

oy —ag)snZ(@,12)+ay—ay

7

(80)

(81)

(82)

(83)

(84)

(85)
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(a1 —az) (a2 —aq) "

Remark 3. The obtained solutions (80)-(85) by use of the recommended method for Eq.
(68) have been controlled by Mathematica package program. According to our research, the
rational function, the optical singular soliton, dark optical soliton, bright optical soliton, and the
Jacobi elliptic function solutions attained by use of the method defined in the research article
are not shown in prior literature. The optical solutions obtained here are the new solutions of
the equation Eq. (68).

Case 2

If we choosee =1,6 =1and 6 = 5, then

where(p—\/m< \/mt > —w

T2(E50° 4 £40% + £30° + 50% + 51O + &)

AV i 86
(@) Co+ 01O (86)

n 1[(G0+719) (56504 +48,0° 43802 +25,0+81 ) — {1 (§50° 45401+ 5307 +5,0% 45,0+ ) |
o= 2(0+10)’ ' (87)

where {5 # 0, {1 # 0. In turn, solving the system of algebraic equations (13) yields the following
results:

go _ 60, (31 _ (31,62 _ 62, 63 27T (45270( -1)+7 (26071(51’44-3) 6170(7T§+1))), éo _ €0,

3(1¢—1)2
B (7Em (1)1 (26 (187 +Em (257 +3))) 7 (2870 (t3—1)+71 (81(1-57¢) +8%75 ™1 ) )
64 - (I4 1)2 7 55 3(z 4 ) ’
_ _ _ (2§2T0(To—1)+T1(§1(1 5t)+8%07511 ) ) 170 zgm )—Zo(Té—1)
To =T, 1 =10, Cl - (B —1)2(&110—28m) \/ (&10—2¢0m) .

Substituting these consequences into Egs. (9) and (14), we achieve

O+50

(1 —10) = \/ C1T0 ng f \/®5+§5®4+§3®3+§2®2+?®+ d®. (8s)

Integrating Eq. (88), we attain the following exact approximate solutions to the Eq. (68).
When @(@) = (@ — a;)°, we get

24 <§0+§1®>3

+(n— = _ 89
W) = S GG G \ - )
If we choose ®(@) = (@ — a1)*(® — ay) and a1 > ay, then we find
_ A (Go+l1a2) In|K(© 1 (60+010)(0—a2) 90
0 =0) = 57 2/01(01—02) (Co+011) n K@)+ o= \/ G 0
where
K(®) = O, RNCIY

(Go+2Z101—8102) O+ (a1 —22) — G121 +24/ (G0 +610) (Go+11 ) (O —az) (w1 —a2)

When ®(@) = (@ — a1)%(0® — ;) and a1 > ap, we attain

_ =24 Z0+010 /C+Ctx ©—a1)(lo+C1a2)
+£(n —n0) = ) Cl?G)flle) — % 07618 Arctan [\/ o= “12)(500%11@2) (92)
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If we get ®(@) = (O — a1)?(® — a2)?%(© — a3) and a1 > ay > a3, then we obtain

—A
+(n — =——— |[YIn|P(O ZIn|R(O)]], 93
(1= ) = = [V |P(O)] + ZIn [R(©)| )
where
_  [lotlia
Y =/ (94)
P(®) = 22 =0 ,
(©) 2/ (50+010) (Go+{1a2) (O—a3) (wy—az)+{o (a2 —203) — {10205+ ({0 +20102—103) © ®3)
Z =, /un (96)

R(©®) = 2\/(Co+C1®)(€0+C1061)(@*0‘3)(0‘1*063(2;:%)2(041*2063)*C10¢10<3+(Co+2C10¢1*C10¢3)®_ 97)

When ®(@) = (0 — a71)%(0® — a2) (O — a3) and a1 > & > a3, then we find

—2A Co + C1a3

w — a3\ C1(ag — ) Ele. D), ©8)

+(7 —m0) =
where
. ) 0— _ _
E(p,1) = [/ \/1—2sin® pdy, ¢ = arcsin %, I? = % (99)

If we acquire ®(@) = (O — a1)?(® — a2)(® — a3)(® — ag) and a1 > &y > a3 > a3, then we
discover

i(ﬂ _ ,70) _ 2A(np—0y) (Co+§1®n(¢, n, l) _ Cot+limo F(q), l)> )

(1 —a2)y/C1 (a2 —az) (Qo+G1es) \ *17 %4 g — 04
(100)
where
_ 3% _ e dip
A= 7 (G110—280T1)” 7T(§0, Tl,l) N fo (14nsin? ) /1P sin’ 1o1)
and
_ . (O—ay)(az—a2) 72 _ (ag4—a3)(Go+T102) _ (wg—wo)(az—ay)
p = aresin [{G=SY, 1P = USSR, 0 = —(EES 4w

4 Conclusions and Remarks

In this study, we have constituted the optical soliton solutions of the sine-Gordon and gen-
eralized sine-Gordon equations by use of the extended trial equation method. The obtained
optical soliton solutions were found in terms of trigonometric, hyperbolic, rational, elliptic,
and Jacobi elliptic functions. Therefore, it is indicated that some solutions in the literature are
specific cases of the attained solutions. At the same time, the accuracy of the attained solutions
has been controlled by the use of Mathematica. Moreover, the physical phenomena for the
attained solutions are investigated by adding two and three dimensional plots of the optical
soliton solutions to this study. We show that the extended trial equation method is an influential
mathematical instrument for solving nonlinear differential equations.
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